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Abstract
The non-commutative Malliavin calculus on the Heisenberg–Weyl algebra is extended to
the afﬁne algebra. A differential calculus and a non-commutative integration by parts are
established. As an application we obtain sufﬁcient conditions for the smoothness of Wigner-
type laws of non-commutative random variables with gamma or continuous binomial
marginals.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Wigner densities [13] have found various applications in time–frequency analysis,
quantum optics and other ﬁelds, see e.g. [4] and the references given in [2]. In [7] a
non-commutative Malliavin calculus has been introduced on the Heisenberg–Weyl
algebra fp; q; Ig; with ½p; q ¼ 2iI ; generalizing the Gaussian Malliavin calculus to
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Wigner densities, and allowing to prove the smoothness of Wigner laws with
Gaussian marginals. In this paper we aim to treat other probability laws in a more
general framework, in particular we will consider non-commutative couples of
random variables with gamma and continuous binomial marginals. It is well known
that gamma and continuous binomial non-commutative random variables can be
constructed using representations of sl2; or simply on the afﬁne algebra viewed as a
sub-algebra of sl2: We will develop a functional calculus on the afﬁne algebra, based
on the general framework of [2,3].
Before proceeding further, let us examine a situation where the gamma and
continuous binomial laws appear naturally in a non-commutative framework related
to integration by parts with respect to the gamma law. Let
a˜t ¼ t@t;
i.e. a˜t f ðtÞ ¼ t f 0ðtÞ; fACNb ðRÞ: The adjoint a˜þt of a˜t with respect to the gamma
density gbðtÞ ¼ 1ftX0g tb1CðbÞ et on R; b40; satisﬁesZ N
0
gðtÞa˜t f ðtÞgbðtÞ dt ¼
Z N
0
f ðtÞa˜þt gðtÞgbðtÞ dt; f ; gACNb ðRÞ; ð1:1Þ
and is given by
a˜þt ¼ ðt bÞ  a˜t ;
i.e. a˜þt f ðtÞ ¼ ðt bÞf ðtÞ  t@f ðtÞ ¼ ðt bÞf ðtÞ  a˜t f ðtÞ: The operator a˜t deﬁned
as
a˜t ¼ a˜þt @t ¼ ðb tÞ@  t@2
has the Laguerre polynomials Lbn with parameter b as eigenfunctions
a˜tL
b
nðtÞ ¼ nLbnðtÞ; nAN:
The multiplication operator a˜t þ a˜þt ¼ t b has a compensated gamma law in the
vacuum state 1Rþ in L
2
CðRþ; gbðtÞ dtÞ: In the Heisenberg–Weyl case, q ¼ a þ aþ
and its conjugate p ¼ iða  aþÞ both have Gaussian laws and can be constructed
from the Boson annihilation and creation operators a; aþ: In [11,12] it has been
noticed that when b ¼ 1; iða˜t  a˜þt Þ has a continuous binomial law (or spectral
measure) in the vacuum state, with hyperbolic cosine density ð2 cosh px=2Þ1; in
relation to a representation of the subgroup of sl2 made of upper-triangular matrices.
This construction extends to half-integer values of b; nevertheless this type of law
can in fact be studied for every value of b40 in the more general framework of [1],
starting from a representation fM;B;Bþg of sl2:
½B;Bþ ¼ M; ½M;B ¼ 2B; ½M;Bþ ¼ 2Bþ
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which can be constructed as
M ¼ bþ 2a˜t ; B ¼ a˜t  a˜t ; Bþ ¼ a˜þt  a˜t :
Letting
Q ¼ B þ Bþ ¼ a˜t þ a˜þt  2a˜t ¼ ðt bÞ þ 2ðb tÞ@ þ 2t@2
and
P ¼ iðB  BþÞ ¼ iða˜t  a˜þt Þ ¼ 2it@  iðt bÞ
we have
½P;Q ¼ 2iM; ½P;M ¼ 2iQ; ½Q;M ¼ 2iP:
Now, Q þ M is a multiplication operator:
Q þ M ¼ t;
hence Q þ M has the gamma law with parameter b in the vacuum state O ¼ 1Rþ in
L2CðRþ; gbðtÞ dtÞ: The law (or spectral measure) of aM þ Q has been determined in
[1], depending on the value of aAR: When a ¼71; M þ Q and M  Q have gamma
laws. For jajo1; Q þ aM has an absolutely continuous law and in particular for
a ¼ 0; Q and P have continuous binomial laws. When jaj41; Q þ aM has a
geometric distribution.
The Malliavin calculus on the Heisenberg–Weyl algebra fp; q; Ig of [6,7],
relies mainly on a functional calculus which allows to deﬁne the composition
of a function with a couple of non-commutative random variables, and on a
covariance identity which plays the role of integration by parts formula. In
particular, a continuous map O from LpðR2Þ; pX2; into the space of bounded
operators on H is deﬁned via
Oðf Þ ¼
Z
R2
ðFf Þðx; yÞeixpþiyq dx dy;
where F denotes the Fourier transform, with the bound
jjOðf ÞjjpCpjjf jjLpðR2Þ
and the relation
OðeiuxþivyÞ ¼ eiupþivq; u; vAR:
In order to extend this construction to other probability laws we adopt the
formalism of [2] which provides a functional calculus on more general Lie algebras.
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In particular, note that
X1 ¼  i
2
P and X2 ¼ iðQ þ MÞ
form a representation of the afﬁne algebra:
½X1;X2 ¼ X2:
Let B2ðHÞ denote the space of Hilbert–Schmidt operators on H: Using results
of [2] we show that a continuous map O : L2CðR2; dx1dx2=jx2jÞ-B2ðHÞ can be
deﬁned as
Oðf Þ ¼
Z
R2
ðFf Þðx1; x2Þe
i
2
x1Pþivx2ðQþMÞ dx1 dx2
with the bound
jjOðf ÞjjB2ðHÞpjj f jj
L2
C
R2;
dx1 dx2
2pjx2j
 
and the property
Oðeiux1ivx2Þ ¼ e i2 uPþivðQþMÞ:
This allows to deﬁne a Wigner density W˜jfS/cjðx1; x2Þ which is the joint density of
ð 1
2
P;Q þ MÞ; with continuous binomial and gamma laws as marginals, such that
/cj eiu2 PivðQþMÞ fSH ¼
Z
R2
eiux1þivx2 W˜jfS/cjðx1; x2Þ dx1 dx2; f;cAH:
Using a non-commutative integration by parts formula, we are able to prove the
smoothness of the joint density of ðP;Q þ MÞ:
We proceed as follows. In Section 2 we recall the main results of [2] on functional
calculus on general Lie algebras, and give proofs not explicitly given in [2] of some
particular results needed in our approach. In Section 3 we study in detail the
particular case of the afﬁne algebra and obtain a smoothness property for the joint
density of ðP;Q þ MÞ: In Section 4 we state a non-commutative integration by parts
formula on the afﬁne algebra, which generalizes the classical integration by parts
with respect to the gamma density. Finally in Section 5 we conclude with some
remarks on the relation of our construction to the commutative case.
2. Functional calculus on Lie algebras
In this section we recall the main tools of functional calculus on general Lie
algebras [2], and include some results and proofs not explicitly stated in [2]. Let G be
ARTICLE IN PRESS
U. Franz et al. / Journal of Functional Analysis 218 (2005) 347–371350
a Lie group with Lie algebra G and let U :G-H be a unitary representation
of G on some Hilbert space H with inner product /  j SH: Let /; SG; G
denote the pairing between the Lie algebra G and its dual G: We assume
that U is irreducible, and square integrable i.e. there exists a non-zero vector cAH
such that Z
G
j/UðgÞcjcSHj2 dmðgÞoN;
where m denotes the left Haar measure on G: From [5] there exists a positive self-
adjoint operator C on H such thatZ
G
/UðgÞc1;f1SH/UðgÞc2jf2SH dmðgÞ ¼ /Cc2j Cc1SH/f1jf2SH: ð2:1Þ
Moreover C is the identity if and only if G is unimodular, and Dom C1 is
dense in H: We assume the existence of an open subset N0 of G; symmetric
around the origin, whose image exp ðN0Þ by exp :G-G is dense in G with
mðG\ exp ðN0ÞÞ ¼ 0: The image measure of m on N0 by exp1 : exp ðN0Þ-N0 is called
the Haar measure on G; and we denote by mðxÞ its density with respect to the
Lebesgue measure dx on G: Let sðxÞ denote the density in the decomposition of the
Lebesgue measure dx on G:
dx ¼ dkðlÞsðxÞ dOlðxÞ;
where dkðlÞ is a measure on the parameter space of the co-adjoint orbits in G and
dOlðxÞ is the invariant measure on the orbit Ol: Let B2ðHÞ denote the space of
Hilbert–Schmidt operators equipped with the scalar product
/r1jr2SB ¼ Tr½r1r2; r1; r2AB2ðHÞ:
Let ðX1;y;XnÞ; resp. ðX 1 ;y;X n Þ; denote a basis of G; resp. G:
Deﬁnition 2.1 (Ali et al. [2]). Given ðf;cÞAHDom C1 the Wigner function
WjfS/cj is deﬁned on G as
WjfS/cjðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðxÞp
ð2pÞn=2
Z
N0
ei/x;xSG ;G/Uðex1X1þ?þxnXnÞC1cjfSH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
p
dx:
The following proposition extends the deﬁnition of Wr in L
2
C G
; dxsðxÞ
 
to
rAB2ðHÞ:
Proposition 2.2 (Ali et al. [2]). The mapping
HDom C1 -L2C G; dxsðxÞ
 
r /Wr
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extends to an isometry on B2ðHÞ:
/Wr1 j Wr2S
L2
C
G; dxsðxÞ
  ¼ /r1 j r2SB2ðHÞ; r1; r2AB2ðHÞ:
Proof. By a density argument it sufﬁces to consider
r1 ¼ jf1S/c1j and r2 ¼ jf2S/c2j
with ðf1;c1Þ; ðf2;c2ÞAHDom C1: From identity (2.1) and since
1
ð2pÞn
Z N
N
ei/x;xx
0SG ;G dx dx0 ¼ dxðdx0Þ; ð2:2Þ
we have
/Wr1 j Wr2SL2
C
ðG; dxsðxÞÞ
¼ 1ð2pÞn
Z
G
Z
N0
ei/x;xSG;G Tr½Uðeðx1X1þ?þxnXnÞÞr1C1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
p
dx
 

Z
N0
ei/x;x
0SG ;G Tr½Uðeðx01X1þ?þx0nXnÞÞr2C1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðx0Þ
p
dx0
!
dx
¼
Z
N0
Tr½Uðeðx1X1þ?þxnXnÞÞr1C1 Tr½Uðeðx1X1þ?þxnXnÞÞr2C1mðxÞ dx
¼
Z
N0
/Uðex1X1þ?þxnXnÞC1c1jf1SH/Uðex1X1þ?þxnXnÞC1c2jf2SHmðxÞ dx
¼
Z
G
/UðgÞC1c1jf1SH/UðgÞC1c2jf2SH dmðgÞ
¼ /c2jc1SH/f1 jf2SH
¼ /r2 j r1SB2ðHÞ;
where we used the relation
TrðUðgÞrC1Þ ¼TrðUðgÞjfS/cj C1Þ ¼ TrðC1UðgÞjfS/cjÞ
¼/c;C1UðgÞfSH ¼ /UðgÞC1c;fSH: &
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As a result, the deﬁnition of WrðxÞ extends to rAB2ðHÞ as
WrðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðxÞp
ð2pÞn=2
Z
N0
ei/x;xSG ;G Tr½Uðeðx1X1þ?þxnXnÞÞrC1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
p
dx:
Deﬁnition 2.3. Let O :L2CðG; dxsðxÞÞ-B2ðHÞ denote the dual of r/Wr; i.e.
/r j Oðf ÞSB2ðHÞ ¼
Z
G
%WrðxÞf ðxÞ dxsðxÞ; fAL
2
C G
;
dx
sðxÞ
 	
; rAB2ðHÞ:
Note that for r ¼ jfS/cj;
/rjOðf ÞSB2ðHÞ ¼Tr jfS/cj

Oðf Þ
¼/fj Oðf ÞcSH
¼/WjfS/cj j fS
L2
C
G; dxsðxÞ
 
¼
Z
G
%WjfS/cjðxÞf ðxÞ dxsðxÞ:
The Fourier transform F and its inverse F1 are deﬁned as
ðFf ÞðxÞ ¼ 1
ð2pÞn=2
Z
Rn
ei/x;xSG ;G f ðxÞ dx; xARn
and
ðF1f ÞðxÞ ¼ 1
ð2pÞn=2
Z
Rn
ei/x;xSG ;Gf ðxÞ dx; xARn:
The next proposition allows to extend O as a bounded operator from L2C G
; dxsðxÞ
 
to
B2ðHÞ:
Proposition 2.4. We have the bound
jjOðf ÞjjB2ðHÞpjj f jjL2
C
ðG; dxsðxÞÞ
; fAL2C G
;
dx
sðxÞ
 	
and the expression
Oðf Þ ¼
Z
N0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
p
F
fﬃﬃﬃ
s
p
 	
ðxÞUðex1X1þ?þxnXnÞC1 dx:
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Proof. We have
j/Oðf ÞjrSB2ðHÞj ¼ /f j WrS
L2
C
G; dxsðxÞ
 













p jj f jj
L2
C
G ; dxsðxÞ
 jjWrjj
L2
C
G; dxsðxÞ
 
p jj f jj
L2
C
G; dxsðxÞ
 jjrjjB2ðHÞ
and
/fjOðf ÞcSH ¼Tr jfS/cjOðf Þ ¼
Z
G
%WjfS/cjðxÞf ðxÞ
dx
sðxÞ
¼ 1
ð2pÞn=2
Z
G
Z
N0
ei/x;xSG ;G Tr Uðeðx1X1þ?þxnXnÞÞjfS/cj C1

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
sðxÞ
s
dxf ðxÞ dx
¼
Z
N0
F
fﬃﬃﬃ
s
p
 	
ðxÞ/fj Uðex1X1þ?þxnXnÞC1cSH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
p
dx
¼ fj
Z
N0
F
fﬃﬃﬃ
s
p
 	
ðxÞUðex1X1þ?þxnXnÞC1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
p
dxc
* +
H
: &
In other terms we have
Oðei/;xSG ;G
ﬃﬃﬃﬃﬃﬃﬃﬃ
sðÞ
p
Þ ¼ ð2pÞn=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
p
Uðex1X1þ?þxnXnÞC1 ð2:3Þ
and
Oðf ﬃﬃﬃsp Þ ¼ 1
ð2pÞn=2
Z
N0
ðFf ÞðxÞOðei/;xSG ;G ﬃﬃﬃsp Þ dx; fAL2CðG; dxÞ:
Let Adxg x; xAG
; denote the co-adjoint action:
/Adxg x; xSG;G ¼ /x; Adg1xSG;G; xAG:
Let fAdg; gAG; be deﬁned for f :G-C as
fAdgf ¼ f 3Adxg1 ;
and let fadx be the differential of g/fAdg: The following proposition, called
covariance property, will provide an analog of integration by parts formula.
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Proposition 2.5. We have for x ¼ ðx1;y; xnÞAG:
½x1UðX1Þ þ?þ xnUðXnÞ;Oðf Þ ¼ OðfadðxÞf Þ:
Proof. Using the relation
UðgÞC1UðgÞ ¼ C
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dðg1Þ
p
and (34), (44), (56) in [2] we have
WUðgÞrUðgÞ ðxÞ
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðxÞp
ð2pÞn=2
Z
N0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
p
ei/x;xSG ;G Tr ½Uðeðx1X1þ?þxnXnÞÞUðgÞrUðgÞC1 dx
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðxÞp
ð2pÞn=2
Z
N0
ei/x;xSG;G Tr Uðg1ÞUðeðx1X1þ?þxnXnÞÞUðgÞrC1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
Dðg1Þ
s
dx
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðxÞp
ð2pÞn=2
Z
N0
ei/x;xSG;G Tr eAdg1xrC1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞDðgÞ
p
dx
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðxÞp
ð2pÞn=2
Z
N0
ei/x;AdgxSG;G Tr Uðeðx1X1þ?þxnXnÞÞrC1detðAdgÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðAdgxÞDðgÞ
q
dx
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðAdx
g1xÞ
q
ð2pÞn=2
Z
N0
e
i/Adx
g1x;xSG ;G Tr Uðeðx1X1þ?þxnXnÞÞrC1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
p
dx
¼ WrðAdxg1xÞ:
We proved the covariance property
WUðgÞrUðgÞðxÞ ¼ WrðAdxg1xÞ:
By duality we have
/UðgÞOðf ÞUðgÞjrSB2ðHÞ ¼Tr½ðUðgÞOðf ÞUðgÞ
Þr
¼Tr½UðgÞOðf ÞUðgÞr
¼Tr½Oðf ÞUðgÞrUðgÞ
¼/Oðf Þj UðgÞrUðgÞSB2ðHÞ
¼/f j WUðgÞrUðgÞSB2ðHÞ
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¼/f j Wr3AdxgS
L2
C
G; dxsðxÞ
 
¼/f 3Adx
g1 j WrS
L2
C
G; dxsðxÞ
 
¼/Oðf 3Adx
g1ÞjrSB2ðHÞ;
which implies
UðgÞOðf ÞUðgÞ ¼ OðfAdgf Þ:
The conclusion follows by differentiation. &
In [7] a quantum Malliavin calculus has been constructed on the Heisenberg–Weyl
algebra fp; q; Ig with ½p; q ¼ 2iI ; generalizing to Wigner densities the Malliavin
calculus with respect to a single Gaussian random variable. In this case the
representation U is given on H ¼ L2ðR; ex2=2 dxﬃﬃﬃﬃ
2p
p Þ by
Uðx; yÞfðtÞ ¼ e2iytþixy fðt þ xÞ; fAH:
Equivalently, we can take pfðtÞ ¼ 2
i
f0ðtÞ and qfðtÞ ¼ tfðtÞ; fASðRÞ: The group is
unimodular, hence C is the identity, and s ¼ m ¼ 1: We have
WjfS/cjðx1; x2Þ ¼
1
ð2pÞn=2
Z
R2
eiyx2ixx1/eiyqþixpcjfSH dx dy
¼ 1
ð2pÞn=2
Z
R2
eitx1 %cðx2  tÞfðx2 þ tÞ dt:
The marginals are given byZ
R
WjfS/cjðx1; x2Þ dx2 ¼ fðx1Þ %cðx1Þ; x1AR
and Z
R
WjfS/cjðx1; x2Þ dx1 ¼ ðFfÞðx2ÞðFcÞðx2Þ x2AR:
The operator Oðf Þ is deﬁned by
Oðf Þ ¼
Z
R2
ðFf Þðx; yÞeixpþiyq dx dy
with
OðeiuxivyÞ ¼ eiupþivq; u; vAR
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and the bound
jjOðf ÞjjB2ðHÞpCpjj f jjLpðR2Þ:
Hence
/c; eiupþivq fSH ¼
Z
R2
eiux1þivx2WjfS/cjðx1; x2Þ dx1 dx2; u; vAR;
i.e. WjfS/cjðx1; x2Þ represents the Wigner density of ðp; qÞ in the state jfS/cj: In this
case, the statement of Proposition 2.5 reads
i
2
½uq vp; Oðf Þ ¼ Oðu@1f þ v@2f Þ:
3. Malliavin calculus on the afﬁne algebra
The afﬁne algebra is generated by
X1 ¼
1 0
0 0
 	
; X2 ¼
0 1
0 0
 	
;
with ½X1;X2 ¼ X2; and the afﬁne group can be constructed as the group of 2 2
matrices of the form
g ¼ a b
0 1
 	
¼ e
x1 x2e
x1
2 sinch x1
2
0 1
 !
¼ ex1X1þx2X2 ; a40; bAR; ð3:1Þ
X1;X2AR; where
sinch x ¼ sinh x
x
; xAR:
Consider the classical representation of the afﬁne group on L2ðRÞ given by
ðUðgÞfÞðtÞ ¼ a1=2f t  b
a
 	
; fAL2ðRÞ; g ¼ a b
0 1
 	
; a40; bAR;
and the modiﬁed representation on H ¼ L2CðR; gbðjtjÞ dtÞ deﬁned by
ðUˆðgÞfÞðtÞ ¼ fðatÞeibt eða1Þjtj=2ab=2; fAL2CðR; gbðjtjÞ dtÞ; g ¼
a b
0 1
 	
;
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obtained by Fourier transformation and a change of measure. We have
UˆðX1ÞfðtÞ ¼ d
dt





t¼0
UˆðeitX1ÞfðtÞ ¼ 1
2
ðb jtjÞfðtÞ þ tf0ðtÞ ¼  i
2
PfðtÞ;
UˆðX2ÞfðtÞ ¼ d
dt





t¼0
UˆðeitX2ÞfðtÞ ¼ itfðtÞ ¼ iðQ þ MÞfðtÞ; tAR;
i.e.
UˆðX1Þ ¼  i
2
P and UˆðX2Þ ¼ iðQ þ MÞ;
hence
Uˆðex1X1þx2X2Þ ¼ e i2x1 Pþix2ðQþMÞ:
Here N0 ¼ G is identiﬁed to R2 and
mðx1; x2Þ ¼ e
x1
2 sinch
x1
2
; x1; x2AR;
moreover from (92) in [2],
dO7ðx1; x2Þ ¼
1
2pjx2j
dx1 dx2
hence
sðx1; x2Þ ¼ 2pjx2j; x1; x2AR ð3:2Þ
and the operator C is given by
Cf ðtÞ ¼
ﬃﬃﬃﬃﬃ
2p
jtj
s
f ðtÞ; tAR:
Writing x ¼ x1X 1 þ x2X 2AG; we have
WrðxÞ ¼ jx2j
1=2ﬃﬃﬃﬃﬃ
2p
p
Z
R2
eix1x1ix2x2 Tr½ex1X1x2X2rC1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
x1
2 sinch
x1
2
r
dx1 dx2
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and for r ¼ jfS/cj;
WjfS/cjðxÞ ¼ jx2j
1=2ﬃﬃﬃﬃﬃ
2p
p
Z
R2
eix1x1ix2x2/Uˆðex1X1þx2X2ÞC1cjfSH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
x1
2 sinch
x1
2
r
dx1 dx2
¼ 1
2p
Z
R3
eix1x1ix2x2fðex1tÞ %cðtÞeitx2 e
 x1
2 sinch
x1
2
 eðex11Þjtjebx1=2jtjb1=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
x1
2 sinch
x1
2
r
dt
GðbÞ dx1 dx2
¼
Z
R
f
x2e
 x
2
sinch x
2
 !
jx2 j eixx1
sinch x
2
%c
x2 e
x
2
sinch x
2
 !
e
jx2j
cosh
x
2
sinc h
x
2
jx2j
sinch x
2
 	b1
dx
GðbÞ
as in (102) of [2]. Note that Wr takes real values when r is self-adjoint. As a
consequence of Proposition 2.4 we have the bound
jjOðf ÞjjB2ðHÞpjj f jj
L2
C
G; dx1 dx2
2pjx2j
 :
From (2.3) and (3.2) we have
e
i
2
uPþivðQþMÞ ¼ 1ﬃﬃﬃﬃﬃ
2p
p e u2sinch u
2
 1=2
Oðeiux1ivx2
ﬃﬃﬃﬃﬃﬃﬃ
jx2j
p
ÞC;
i.e. from relation (2.3):
Oðei/;xSG;G
ﬃﬃﬃﬃﬃﬃﬃﬃ
sðÞ
p
Þ ¼ ð2pÞn=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðxÞ
p
Uðex1X1þ?þxnXnÞC1:
The next proposition shows that these relations can be simpliﬁed, and that the
Wigner function is directly related to the density of the couple ðP;Q þ MÞ:
Proposition 3.1. We have
Oðeiux1þivx2Þ ¼ ei2 uPivðQþMÞ; u; vAR: ð3:3Þ
Proof. We have for all f; cAH:
/fj e i2 uPþivðQþMÞ cSH ¼
1ﬃﬃﬃﬃﬃ
2p
p e u2 sinch u
2
 1=2
/f; Oðeiux1ivx2
ﬃﬃﬃﬃﬃﬃﬃ
jx2j
p
ÞCcSH
¼ 1ﬃﬃﬃﬃﬃ
2p
p e u2 sinch u
2
 1=2
/WjfS/Ccjðx1; x2Þj eiux1ivx2
ﬃﬃﬃﬃﬃﬃﬃ
jx2j
p
S
L2
C
G; dx1 dx2
2pjx2j
 
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¼ 1
2p
Z
R3
eiux1ivx2 %f
e
x
2
sinch x
2
 !
eixx1
sinch x
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
x
2 sinch x
2
e
u
2 sinch u
2
vuut
 c x2 e
 x
2
sinch x
2
 !
e
jx2 j
cosh
x
2
sinch
x
2
jx2j
sinch x
2
 	b1
dx
GðbÞ dx1 dx2
¼ 1
2p
Z
R3
eiux1ivx2 %f
x2e
x
2
sinch x
2
 !
eixx1
sinch x
2
c
x2e
x
2
sinch x
2
 !
 e
jx2 j
cosh
x
2
sinch
x
2
jx2j
sinch x
2
 	b1
dx
GðbÞ dx1 dx2
¼/WjfS/cjj eiux1ivx2S
L2
C
G; dx1 dx2
2pjx2j
 
¼/fj Oðeiux1ivx2ÞcSH: &
As a consequence of (3.3), the operator Oðf Þ has the natural expression
Oðf Þ ¼O
Z
R2
ðFf Þðx1; x2Þeix1x1ix2x2 dx1 dx2
 	
¼
Z
R2
ðFf Þðx1; x2ÞOðeix1x1ix2x2Þ dx1 dx2
¼
Z
R2
ðFf Þðx1; x2Þe
i
2
x1Pþix2ðQþMÞ dx1 dx2:
We also have the relations
/cj Oðf ÞfSH ¼
Z
G
%WjcS/fjðx1; x2Þf ðx1; x2Þ
dx1 dx2
2pjx2j
¼
Z
G
WjfS/cjðx1; x2Þf ðx1; x2Þ
dx1 dx2
2pjx2j
and
/cj ei2 uPivðQþMÞfSH ¼
Z
G
eiux1þivx2 WjfS/cjðx1; x2Þ
dx1 dx2
2pjx2j
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which show that the density W˜jfS/cj of ð12P;ðQ þ MÞÞ in the state jfS/cj has the
expression
W˜jfS/cjðx1; x2Þ ¼
1
2pjx2j
WjfS/cjðx1; x2Þ
¼ 1
2p
Z
R
f
x2 e
 x
2
sinch x
2
 !
eixx1
sinch x
2
%c
x2 e
x
2
sinch x
2
 !
e
jx2 j
cosh
x
2
sinch
x
2
 jx2j
sinch x
2
 	b1
dx
GðbÞ: ð3:4Þ
Note that W˜jfS/cj has the correct marginals, since integrating in dx1 in (3.4) we have
using (2.2)
1
2pjx2j
Z
R
WjfS/cjðx1; x2Þ dx1 ¼ gbðjx2jÞ %fðx2Þcðx2Þ
and
1
2p
Z
R
WjfS/cjðx1; x2Þ
dx2
jx2j
¼ 1
2p
Z
R2
eix1x %fðoex=2Þcðoex=2Þejoj cosh x2 joj
b1
GðbÞ dx do:
In the vacuum state, i.e. for f ¼ c ¼ O ¼ 1Rþ ; we have
1
2p
Z
R
WjOS/Ojðx1; x2Þ
dx2
x2
¼ 1
2p
Z
R
Z N
0
eix1x
tb1
GðbÞ e
t cosh x
2 dt dx
¼ 1
2p
Z
R
eix1x
1
ðcosh x
2
Þb
dx
¼ c G b
2
þ i
2
x1
 	



 



2;
where c is a normalization constant and G is the Gamma function. When b ¼ 1 we
have c ¼ 1=p and P has the hyperbolic cosine density in the vacuum state O ¼ 1Rþ :
x1/
1
2 cosh px1=2
:
Proposition 3.2. The characteristic function of ðP;Q þ MÞ in the state jfS/cj is
given by
/c j eiuPþivðQþMÞfSH ¼
Z
R
eivosinch u %cðoeuÞfðoeuÞejoj cosh u joj
b1
GðbÞ do:
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In the vacuum state O ¼ 1Rþ we have
/Oj eiuPþivðQþMÞOSH ¼
1
ðcosh u  ivsinch uÞb
; u; vAR:
Proof. We have
/cj e i2 uPþivðQþMÞfSH ¼ c; Uˆ eu; v e
u
2 sinch
u
2
 
f
D E
H
¼
Z
R
%cðtÞfðteuÞ eivte
u
2 sinch
u
2 eðe
u1Þjtj=2 eb
u
2
jtjb1
GðbÞ e
jtj dt
¼
Z
R
eivo sinch
u
2 %cðoe u2Þfðoeu2Þejoj cosh u2 joj
b1
GðbÞ do:
In the vacuum state jOS/Oj we have
/O; e
i
2 uPþivðQþMÞOSH ¼
Z N
0
eio sinch
u
2joj cosh
u
2
jojb1
GðbÞ do ¼
1
ðcosh u
2
 iv sinch u
2
Þb: &
In particular, we have
/cj eivðQþMÞfSH ¼
Z
R
eivo %cðoÞfðoÞejoj joj
b1
GðbÞ do
hence as expected, Q þ M has density %cðoÞfðoÞgbðjojÞ; in particular a Gamma law
in the vacuum state. On the other hand, we have
/cj eiuP fSH ¼
Z
R
%cðoeuÞfðoeuÞejoj cosh u joj
b1
GðbÞ do;
which recovers the density of P:
x1/
1
2p
Z
R2
eix1x %cðoexÞfðoexÞejoj cosh x joj
b1
GðbÞ dx do:
In the vacuum state we have
/Oj eiuPOSH ¼
1
ðcosh uÞb
:
Next, we deﬁne a gradient operator which will be useful in showing the smoothness
of Wigner densities. Let SH denote the algebra of operators on H that leave the
Schwartz space SðRÞ invariant.
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Deﬁnition 3.3. Fix kAR: The gradient operator D is deﬁned as
DxF ¼  i
2
x1½P;F  þ i
2
x2½Q þ kM;F ; FASH
with x ¼ ðx1; x2ÞAR2:
Proposition 3.4. Let x ¼ ðx1; x2ÞAR2: The operator Dx is closable for the weak
topology on the space BðHÞ of bounded operators on H:
Proof. Let f;cASðRÞ: Let ðBnÞnAN be a sequence of operators inSH-BðHÞ such
that DxBn-BABðHÞ in the weak topology. We have
/cjBfSH ¼ lim
n-N
/cj DxBnfSH
¼ lim
n-N
/cj  i
2
x1ðPBnf BnPfÞ þ i
2
x2ððQ þ kMÞBnf BnðQ þ kMÞfÞSH
¼ lim
n-N
 i
2
x1ð/Pcj PBnfSH /cj BnPfSHÞ
þ lim
n-N
 i
2
x2ð/ðQ þ kMÞcj BnfSH /cj BnðQ þ kMÞfSHÞ ¼ 0
hence B ¼ 0: &
The following is the analog of the integration by parts (1.1).
Proposition 3.5. Let x ¼ ðx1; x2ÞAR2: We have
½x1UðX1Þ þ x2UðX2Þ;Oðf Þ ¼ Oðx1x2@1f ðx1; x2Þ  x2x2@2 f ðx1; x2ÞÞ:
Proof. This is a consequence of the covariance property since from (3.1), the co-
adjoint action is represented by the matrix
1 ba1
0 a1
 	
;
i.e.
fAdg f ðx1; x2Þ ¼ f 3Adxg1ðx1; x2Þ ¼ f ðx1 þ ba1x2; a1x2Þ:
Hence fadx f ðx1; x2Þ ¼ x1x2@1f ðx1; x2Þ  x2x2@2f ðx1; x2Þ: &
For k ¼ 1; the integration by parts formula can also be written as
Dðx1;2x2ÞOðf Þ ¼ Oðx1x2@1f  x2x2@2f Þ:
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The Wigner density W˜jfS/cjðx1; x2Þ ¼ 12pj x2j %WjfS/cjðx1; x2Þ exists and we turn to
proving its smoothness, more precisely we consider the smoothness of the Wigner
function WjfS/cj: Let Hs1;2ðR ð0;NÞÞ denote the Sobolev space with respect to the
norm
jj f jj2Hs
1;2
ðRð0;NÞÞ ¼
Z N
0
1
x2
Z
R
j f ðx1; x2Þj2 dx1 dx2
þ
Z N
0
x2
Z
R
ðj@1f ðx1; x2Þj2 þ j@2f ðx1; x2Þj2Þ dx1 dx2: ð3:5Þ
Note that if f; c have supports in Rþ; then WjfS/cj has support in R ð0;NÞ; and
the conclusion of Theorem 3.6 below reads WjfS/cjAHs1;2ðR ð0;NÞÞ:
Theorem 3.6. Let f;cADom X1-Dom X2: Then
1Rð0;NÞWjfS/cjAHs1;2ðR ð0;NÞÞ:
Proof. We have, for fACNc ðR ð0;NÞÞ:Z
R2
f ðx1; x2Þ %WjfS/cjðx1; x2Þ dx1 dx2




 



 ¼ 2p /fj Oðx2f ðx1; x2ÞÞcSHj j
p 2pjjfjjHjjcjjHjj Oðx2f ðx1; x2ÞÞjjB2ðHÞ
p
ﬃﬃﬃﬃﬃ
2p
p
jjfjjHjjcjjHjjx2f ðx1; x2Þjj
L2
C
ðG; dx1 dx2jx2j Þ
p
ﬃﬃﬃﬃﬃ
2p
p
jjfjjHjjcjjHjj f jjL2
C
ðG;x2 dx1 dx2Þ
and for x1; x2AR:Z
R2
ðx1@1f ðx1; x2Þ þ x2@2f ðx1; x2ÞÞ %WjfS/cjðx1; x2Þ dx1 dx2




 




¼ 2p /fj Oðx1x2@1f ðx1; x2Þ  x2x2@2f ðx1; x2ÞÞcSHj j
¼ 2p /fj½x1UðX1Þ þ x2UðX2Þ;Oðf ÞcSHj j
p
ﬃﬃﬃﬃﬃ
2p
p
jjfjjHjjðx1UðX1Þ þ x2UðX2ÞÞcjj jjf jj
L2
C
G;dx1 dx2jx2j
 : &
Under the same hypothesis we can show that 1RðN;0ÞWjfS/cj belongs to the
Sobolev space Hs1;2ðR ðN; 0ÞÞ which is deﬁned in a way similar to (3.5). Note
that the above result and the presence of sðx1; x2Þ ¼ 2pjx2j are consistent with the
integrability properties of the gamma law, i.e. if f ðx1; x2Þ ¼ gðx1Þgbðx2Þ;
x1AR; x240; ga0; then fAHs1;2ðR ð0;NÞÞ if and only if b40:
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4. Skorohod stochastic integration
The integration by parts formulas given in this section generalize the classical
integration by parts formula (1.1) on R: We deﬁne the expectation of X as
E½X  ¼ /O j XOSH;
where O ¼ 1Rþ is the vacuum state inH: The results of this section are in fact valid
for any representation fM;B;Bþg of sl2 and any vector OAH such that iPO ¼ QO
and MO ¼ bO:
Lemma 4.1. Let x ¼ ðx1; x2ÞAR2: We have
E½DxF  ¼ 12E½x1fQ;Fg þ x2fP;Fg; FASH:
Proof. We use the relation iPO ¼ QO:
E½½iP;F  ¼/O;iPFOSH /O;iFPOSH
¼/iPO;FOSH þ/O;FQOSH
¼/QO;FOSH þ/OFQOSH
¼/QO;FOSH þ/O;FQOSH
¼E½fQ;Fg;
E½½iQ;F  ¼/O; iQFOSH /O; iFQOSH
¼ /iQO;FOSH þ/O;FPOSH
¼/PO;FOSH þ/O;FPOSH
¼E½fP;Fg;
and note that E½½M;F  ¼ 0: &
Deﬁnition 4.2. Fix aAR and let
dðF#xÞ ¼ x1
2
fQ þ aðM  bÞ;Fg þ x2
2
fP;Fg  DxF ; FASH;
with x ¼ ðx1; x2ÞAR2:
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Note also that
dðF#xÞ ¼ x1 Q þ iP þ aðM  bÞ
2
þ x2 P  iðQ þ kMÞ
2
 	
F
þ F x1 Q  iP þ aðM  bÞ
2
þ x2 P þ iðQ þ kMÞ
2
 	
¼ x1ðBþF þ FBÞ  ix2ðBþF þ FBÞ þ a x1
2
fM  b;Fg  i
2
x2k½M;F 
¼ ðx1  ix2ÞðBþF þ FBÞ þ a x1
2
fM  b;Fg  i
2
x2k½M;F 
The following lemma shows that the divergence operator has expectation zero.
Lemma 4.3. Let x ¼ ðx1; x2ÞAR2: We have
E½dðF#xÞ ¼ 0; FASH:
Proof. It sufﬁces to apply Lemma 4.1 and to note that /O;MOSH ¼ b: &
Let for F ;U ;VASH and x ¼ ðx1; x2ÞAR2:
U D
’
F
x ¼ ðDxUÞF ¼ 
i
2
x1½P;U F þ i
2
x2½Q þ kM;U F ;
~DFx V ¼ FDxV ¼ 
i
2
x1F ½P;V  þ i
2
x2F ½Q þ kM;V ;
and deﬁne a two-sided gradient as
U D
2
F
x V ¼U D
’
F
x V þ U ~DFx V
¼  i
2
x1½P;U FV  i
2
x1UF ½P;V  þ i
2
x2½Q þ kM;U FV
þ i
2
x2UF ½Q þ kM;V :
Proposition 4.4. Let x ¼ ðx1; x2ÞAR2 and U ;VASH: Assume that x1ðQ þ aMÞ þ
x2P commutes with U and with V : We have
E½U D2Fx V  ¼ E½UdðF#xÞV ; FASH:
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Proof. From Lemma 4.3 we have
E½UdðF#xÞV 
¼ 1
2
E½Uðfx1ðQ þ aðM  bÞÞ þ x2P;Fg þ ix1½P;F   ix2½Q þ kM;F ÞV 
¼ 1
2
E½fx1ðQ þ aðM  bÞÞ þ x2P;UFVg þ ix1U ½P;F V  ix2U ½Q þ kM;F V 
¼ 1
2
E½fx1ðQ þ aðM  bÞÞ þ x2P;UFVg þ ix1½P;UFV 
 ix1½P;U FV  þ E½ix1UF ½P;V   ix2½Q þ kM;UFV 
þ ix2½Q þ kM;U FV þ ix2UF ½Q þ kM;V 
¼ E½dðUFV#xÞ þ 1
2
E½ix1½P;U FV  ix1UF ½P;V 
þ ix2½Q þ kM;U FV þ ix2UF ½Q þ kM;V 
¼ E½UD2Fx V : &
The closability of d can be proved using the same argument as in Proposition 3.4.
Next is a commutation relation between D and d:
Proposition 4.5. We have for k ¼ 0 and x ¼ ðx1; x2Þ; y ¼ ðy1; y2ÞAR2:
DxdðF#yÞ  dðDxF#yÞ
¼ y1  iy2
2
ðx1fM;Fg þ ix2½M;F Þ þ a y1
2
ðx1fQ;Fg þ x2fP;FgÞ; FASH:
Proof. We have
DxdðF#yÞ ¼  i
2
x1½P; dðF#yÞ þ i
2
x2½Q þ kM; dðF#yÞ
¼  i
2
x1½P; y1ðBþF þ FBÞ  iy2ðBþF þ FBÞ þ y1
2
a fM  b;Fg
þ i
2
x2½Q þ kM; y1ðBþF þ FBÞ  iy2ðBþF þ FBÞ þ y1
2
afM  b;Fg
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¼ dðDxF#yÞ  i
2
x1ðy1½P;BþF þ y1F ½P;B  iy2½P;BþF  iy2F ½P;B
þy1
2
a½P;MF þ y1
2
aF ½P;MÞ þ i
2
x2ðy1½Q þ kM;BþF þ y1F ½Q þ kM;B
iy2½Q þ kM;BþF  iy2F ½Q þ kM;B þ y1
2
a½Q;MF þ y1
2
aF ½Q;MÞ
¼ dðDxF#yÞ  i
2
x1ðy1fiM;Fg  iy2fiM;Fg þ y1
2
af2iQ;FgÞ
þ i
2
x2ðy1½M;F   iy2½M;F  þ iy1afP;FgÞ
¼ dðDxF#yÞ þ 1
2
x1y1fM þ aQ;Fg þ x2y1 i
2
½M;F  þ 1
2
x2y1afP;Fg
 i
2
x1y2fM;Fg þ 1
2
x2y2½M;F : &
Proposition 4.6. We have for F ;GASH:
dðGF#xÞ ¼ GdðFÞ  G D
’
F  x1
2
½Q þ aM;GF  x2
2
½P;GF
and
dðFG#xÞ ¼ dðFÞG  ~DF G  x1
2
F ½Q þ aM;G  x2
2
F ½P;G:
Proof. We have
dðGF#xÞ ¼ x1
2
ðQ þ iP þ aðM  bÞÞGF þ x1
2
GFðQ  iP þ aðM  bÞÞ
þ x2
2
ðP  iQÞGF þ x2
2
GFðP þ iQÞ
¼ x1
2
GðQ þ iP þ aðM  bÞÞF þ x1
2
GFðQ  iP þ aM  a=2Þ
þ x2
2
GðP  iQÞF þ x2
2
GFðP þ iQÞ
þ i
2
x1½P;GF  i
2
x2½Q;GF  x1
2
½Q þ aM;GF  x2
2
½P;GF :
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Similarly we have
dðFG#xÞ ¼ x1
2
ðQ þ iP þ aðM  bÞÞFG þ x1
2
FGðQ  iP þ aðM  bÞÞ
þ x2
2
ðP  iQÞFG þ x2
2
FGðP þ iQÞ
¼ x1
2
ðQ þ iP þ aðM  bÞÞFG þ x1
2
FðQ  iP þ aM  a=2ÞG
þ x2
2
ðP  iQÞFG þ x2
2
FðP þ iQÞG
þ i
2
x1F ½P;G  i
2
x2F ½Q;G  x1
2
F ½Q þ aM;G  x2
2
F ½P;G: &
5. Relation to the commutative case
Let q ¼ ax þ aþx ; where ax ¼ @@x and aþx ¼ x  @@x; i.e. q is multiplication by x; and
p ¼ iðax  aþx Þ; with ½p; q ¼ 2iI : When b ¼ 1=2; writing t ¼ 12x2; we have the
relations
a˜t ¼ 12 aþx ax ; a˜t ¼ 12 qax ; a˜þt ¼ 12 aþx q;
i.e.
a˜tf ðtÞ ¼
1
2
aþx a

x f
x2
2
 	
; a˜t f ðtÞ ¼
1
2
qax f
x2
2
 	
; a˜þt f ðtÞ ¼
1
2
aþx qf
x2
2
 	
:
These relations have been exploited in various contexts, see e.g. [8–10]. In [10], these
relations have been used to construct a Malliavin calculus on Poisson space directly
from the Gaussian case. In [9] they are used to prove logarithmic Sobolev
inequalities for the exponential measure. From now on we take b ¼ 1
2
: The
representation fM;B;Bþg of sl2 can be constructed as
M ¼ 1
2
þ 2a˜t ¼
ax a
þ
x þ aþx ax
2
¼ p
2 þ q2
4
;
B ¼ a˜t  a˜t ¼
1
2
ðax Þ2;
Bþ ¼ a˜þt  a˜t ¼
1
2
ðaþx Þ2:
In fact, letting
Q ¼ B þ Bþ ¼ 1
2
ððax Þ2 þ ðaþx Þ2Þ ¼
p2  q2
4
;
P ¼ iðB  BþÞ ¼ i
2
ððax Þ2  ðaþx Þ2Þ ¼
pqþ qp
4
;
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we have
½P;Q ¼ 2iM; ½P;M ¼ 2iQ; ½Q;M ¼ 2iP:
We also have
Q þ aM ¼ aþ 1
2
p2
2
þ a 1
2
q2
2
and
M þ aQ ¼ aþ 1
2
 	
p2
2
þ 1 a
2
 	
q2
2
:
The commutative case is obtained with a ¼ 1 when considering functionals of q2
2
only, and with a ¼ 1 when considering functionals of p2
2
only. Other probability
laws can be considered for different values of a: The law of Q þ aM has been
determined in [1], depending on the value of a: In particular when jaj ¼ 1;
Q þ M ¼ B þ Bþ þ M ¼ p
2
2
; Q  M ¼ B þ Bþ  M ¼  q
2
2
;
i.e. Q þ M and M  Q have gamma laws. For jajo1; Q þ aM has an absolutely
continuous law and when jaj41; Q þ aM has a geometric law with parameter c2
supported by
f1=2 sgnðaÞðc  1=cÞk : kANg;
with c ¼ a sgnðaÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  1
p
: In particular the analogs of the classical integration by
parts formula (1.1) are written as
E½Dð1;0ÞF  ¼ 1
2
E
p2
2
;F
 
 F
 
for a ¼ 1; and
E½Dð1;0ÞF  ¼ 1
2
E F  q
2
2
;F
  
for a ¼ 1:
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